We prove a version of Knebusch's Norm Principle for finiteétale extensions of semi-local Noetherian domains with infinite residue fields of characteristic different from 2.
Introduction
Let E/F be a finite field extension and q : V → F a regular quadratic form over F . Let D q (F ) ⊂ F * (resp. D q (E)) be the subgroup generated by the set of non-zero elements of the field F (resp. E) represented by the form q (resp. q E = q ⊗ F E). The well-known Knebusch's Norm Principle for quadratic forms over fields [5] , [4, VII.5.1] says that N E F (D q (E)) ⊂ D q (F ), where N E F : E * → F * is the norm map. In [7] this result was generalized to the case of semi-local regular rings containing an infinite base field k of characteristic 0. The goal of the present paper is to drop the assumption on the characteristic. Namely, we show that Knebusch's Norm Principle holds for finiteétale extensions of semi-local Noetherian domains with infinite residue fields of characteristic different from 2 (see Theorem 3.1).
The proof we give differs from the one given in [7] . Observe that in both cases we apply general position arguments but the conditions we control are different.
The paper is organized as follows. First, we give the proof for the case of finiteétale algebras. Then we extend it to the case of finiteétale extensions of semi-local domains.
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The case of fields
Let F be an infinite field of characteristic different from 2. Let E be a finité etale F -algebra of dimension n. Let (V, q) be a quadratic space over F of rank m. Let (V E , q E ) be the base change of (V, q) via the field extension E/F , i.e., V E = V ⊗ F E and q E = q ⊗ F E. We denote by D q (F ) (resp. D q (E)) the group generated by the non-zero elements of F (resp. E) represented by the form q (resp. q E ). The goal of the present section is to prove (by using general position arguments) the following slight modification of Knebusch's result.
Theorem. There is an inclusion of subgroups of F
where N E F : E * → F * is the norm map.
In order to prove 2.1 we need the following auxiliary results 2.2 Lemma. Let X be a rational variety over an infinite field F . Then any non-empty open subset U of X has a rational point.
Proof. It follows from the obvious case when X is an affine space over F .
2.3 Lemma. Let (V, q) be a quadratic space over a field F . Then the group of squares (
Proof. For any b ∈ F * and q(u) ∈ F * we have
2.4 Definition. Let E be a finiteétale F -algebra. We fix a primitive element c of E. Recall that an element b ∈ E * is primitive iff the matrix (b i,j )
n−1 i,j=0 has non-zero determinant, where the entries b i,j are defined by
Clearly, the determinant det(b i,j ) can be viewed as a polynomial in n variables b 0,1 , . . . , b n−1,1 .
We define an open subset P of R E/F (G m,E ) by the equation
Observe that P(E) is the set of all invertible primitive elements of E.
2.5 Lemma. Let F be an infinite field of characteristic different from 2. Let E be a finiteétale F -algebra. Consider the affine variety (multiplicative group scheme)
Proof. Observe that any infinite subset of G m,E (E) is dense in G m,E . This applies in particular to (E * ) 2 .
2.6 Proposition. Let α be a primitive element of the finiteétale F -algebra E and let f α (t) be the minimal polynomial of α, i.e.,
In the geometric constructions that follow we identify the vector space V E over E with the set A m E (E) of E-points of the affine space A m E . Let Q be the quadric over E given by
Since the element v is an E-rational point of Q, the variety Q is rational. Set P = R E/F (Q) to be the Weil restriction of Q [3] . The variety P is a closed subvariety of dimension (m − 1)n of the affine space R E/F (A m E ) = A nm F and we have the bijection P (F ) = Q(E) between the sets of F -points of P and E-points of Q. Since the variety Q is rational over E, P is rational over F .
In order to define the next variety U we identify R E/F (A m E ) with the affine space M n,m of n × m-matrices over F by choosing {1, α, . . . , α n−1 } as a basis of the vector space E over F (recall that α is primitive). Thus, a vector
, where the entries ω i,j are defined by
We define U to be an open subset of the affine space
where ω(t) = (ω 0 (t), . . . , ω n−1 (t)) is the vector of the m polynomials ω j (t) = n−1 i=0 ω i,j t i of degree n − 1. Clearly, the coefficients of the polynomial Φ ω depend on the choice of the identification (isomorphism) R E/F (A m E ) ∼ = M n,m , i.e., they depend on the choice of α.
Consider the open subset U ∩ P of P .
2.7 Claim. U ∩ P contains an F -point.
Proof. Since P is rational over F and U ∩ P is open in P , by Lemma 2.2 it is enough to show U ∩ P contains a point ρ over the algebraic closure F of the field F . Let g(t) be a polynomial over F such that
is coprime with the polynomial f α (t) over
Let W be a 2-dimensional vector subspace of V = V ⊗ F F with a basis {e 1 , e 2 } ⊂ V such that q(e 1 ) = q(e 2 ) = 0 and q(e 1 + e 2 ) = 0. It always exists because we can choose two points e 1 and e 2 on the projective quadric
such that the projective line connecting e 1 and e 2 is transversal to Y .
Replacing e 1 by λe 1 for a λ ∈ F * we may assume that q(e 1 + e 2 ) = 1. Let ρ(t) = g 1 (t)e 1 + g 2 (t)e 2 ∈ W [t], where g 1 (t), g 2 (t) are polynomials over F of degree n − 1 such that
Then we have
Hence ρ ∈ (U ∩ P )(F ) is the desired point. Now let ω be an F -point of the intersection U ∩ P . Since ω ∈ U the associated polynomial Φ ω (t) = tq(ω(t)) − 1 is separable of degree 2n − 1. Since ω ∈ P we have Φ ω (α) = 0. Hence, we have a decomposition Φ ω (t) = c · h(t)f α (t), where c ∈ F * and h(t) is a monic separable polynomial of degree n − 1. So we have the relation in
To finish the proof of Proposition 2.6 we apply induction on the dimension of E over F . We proceed as in [5] . The case n = 1 is obvious. Assume that the proposition holds for all finiteétale F -algebras of dimension strictly less than n.
Consider the finiteétale F -algebra T = F [t]/h(t), with h as in (*). Observe that the dimension of T over F is n − 1. Let β be the image of t under the canonical map
Observe that β is a primitive element of the algebra T with minimal polynomial h(t).
Consider the reduction of (*) modulo (h(t)). We get 1 = βq(u) in T for some u ∈ V T , i.e., β ∈ D q (T ). Substituting t = 0 in (*) we get f α (0) = −1/(c · h(0)). Together with the fact that N E F (α) = (−1)
deg(E/F ) f α (0), this implies the following chain of relations in F :
Since c is the leading coefficient of the polynomial tq(ω(t)) of degree 2n − 1, it is represented by the form q. Namely, c = q(ω n−1,0 , . . . , ω n−1,m−1 ), where, for each j, ω n−1,j ∈ F is the leading coefficient of the polynomial ω j (t). By the induction hypothesis the norm
F ). This completes the proof of Proposition 2.6.
Proof of Theorem 2.1. Let a = q(u) ∈ E * for certain u ∈ V E . Let P be the non-empty open subset of R E/F (G m,E ) defined in 2.4. By Lemma 2.5 there exists an element b ∈ E * such that b 2 ∈ aP. This means that α = a −1 b 2 is primitive, i.e., E = F (α). Replacing a by α and u by v = u · b −1 we get αq(v) = 1. Then by Lemma 2.3 and Proposition 2.6 we get the desired inclusion
The case of local rings
The goal of the present section is to extend Theorem 2.1 to the case of Noetherian semi-local domains. So let R be a semi-local Noetherian domain with infinite residue fields of characteristic different from 2. Let S/R be a finiteétale R-algebra (not necessary a domain) with infinite residue fields of characteristic different from 2. Let (V, q) be a quadratic space over R of rank m. Let (V S , q S ) be the base change of (V, q) via the extension S/R. Let D q (R) (resp. D q (S)) be the group generated by the invertible elements of R (resp. S) represented by the form q.
Theorem.
There is an inclusion between the subgroups of R *
where N S R is the norm map for the finiteétale extension S/R.
For simplicity we will consider only the case of local R and left to a reader the case of semi-local R. As in the case of fields, in order to prove 3.1 we need some auxiliary results. From this point onwards, by "bar" we mean the reduction modulo the maximal ideal m of R. 
Proof. The same as for Lemma 2.3. We define an open subset P of R S/R (G m,S ) by
Observe that P(S) is the set of all invertible primitive elements of S and, clearly, P(S) = ∅. In particular, the closed fiber P of P is non-empty.
3.6 Lemma. Let S/R be a finiteétale extension of semi-local domains with infinite residue fields of characteristic different from 2. Consider the affine scheme G m,S over Spec S. For an open subset W of G m,S with a non-empty closed fiber W there exists b ∈ S * such that b 2 ∈ W (S).
Proof. It follows from Lemma 2.5 after reducing modulo the radical of S.
3.7 Remark. Recall that a monic polynomial f (t) ∈ R[t] said to be separable if the quotient ring R[t]/f (t) is a finiteétale extension of R. Since R is local, a polynomial f is separable iff its reduction f modulo the maximal ideal m is a separable polynomial over R.
3.8 Proposition. Let α ∈ S be a primitive element of the finiteétale extension S/R, in particular, the ring S can be written as S = R[t]/f α (t), where f α (t) is the minimal polynomial of α. Assume αq(v) = 1 for some vector
Proof. We define an affine R-scheme P by
Let U be the open subset of the affine variety
3.9 Claim. U ∩ P contains an R-point.
Proof. Consider the composition of the closed embedding with the canonical projection pr : P ⊂ R S/R (A m S ) × G m,R → G m,R to the last coordinate. Observe that pr is a flat morphism over Spec R and for any λ ∈ R * the fiber P λ is the Weil restriction R S/R (Q) of the quadric Q = {ω ∈ A m S | αq(ω) = λ} of dimension m − 1. Now consider the fiber (U ∩ P ) λ=1 of pr over 1. This fiber coincides precisely with the intersection U ∩ P considered in 2.7, hence it contains a rational point ω. In particular, we have αq(ω) = 1.
Let ω ∈ R S/R (A m S )(R) be a lifting of ω by means of the canonical homomorphism R → R. Consider the R-point (ω, αq(ω)) of P . Since (ω, αq(ω)) is a rational point of U , the point (ω, αq(ω)) is an R-point of U. Indeed, for a given polynomial Ψ(t) ∈ R[t] of degree 2n − 1 if Ψ(t) ∈ R[t] is separable of degree 2n − 1 then so is Ψ(t). Hence, the point (ω, αq(ω)) is the desired R-point of U ∩ P .
Since pr is flat, the image Λ = pr(U ∩ P ) is an open subset of G m,R . Clearly its closed fiber is non-empty. By Lemma 3.6 there exists µ ∈ R * such that µ 2 ∈ Λ(R). Consider the fiber P µ 2 of pr over µ 2 . Observe that P µ 2 is the Weil restriction of an R-rational quadric with an R-rational point (namely µv) and thus is R-rational. Clearly, (U ∩ P ) µ 2 is a non-empty open subset of P µ 2 and its closed fiber is non-empty. Then by Lemma 3.3 the subscheme (U ∩ P ) µ 2 contains an R-point. Denote it by ω. Then (ω, µ 2 ) is an R-point of the intersection U ∩ P . Now, as in the proof of 2.6 the polynomial Φ ω,µ 2 (t) = tq(ω(t)) − µ 2 is separable of degree 2n − 1 and Φ ω,µ 2 (α) = 0. This implies Φ ω,µ 2 (t) = c · h(t)f α (t), where c ∈ R * and h(t) is some monic polynomial of degree n − 1. The polynomial h is separable because Φ ω,µ 2 is separable. Clearly, we have the relation in R[t]
To finish the proof of Proposition 3.8 we apply induction on the degree of the extension S/R. We proceed as in the case of fields. The case n = 1 is obvious. Assume that the proposition holds for all extensions of degree strictly less than n.
Consider the finiteétale extension T = F [t]/h(t) over R, where h is the polynomial appearing in (**). Observe that the degree of T /R is n − 1. Let β be the image of t under the canonical map R[t] → R[t]/h(t). Observe that β is a primitive element of the R-algebra T with minimal polynomial h(t).
Consider the reduction modulo the ideal (h(t)) of the relation (**). We get µ 2 = βq(u) in T for some u ∈ V T , i.e., β ∈ D q (T ). Substituting t = 0 in (**) we get f α (0) = −µ 2 /(c · h(0)). Together with the fact that, for the finite extension S = R[t]/f α (t) over R, N Proof of Theorem 3.1. Let a = q(u) ∈ S * for certain u ∈ V S . Consider the non-empty open subset P of R S/R (G m,S ) defined in 3.5. As it was mentioned in 3.5 the closed fiber P of P is non-empty. By Lemma 3.6 there exists an element b ∈ S * such that b 2 ∈ aP(S). It means that α = a −1 b 2 is in P(S), i.e., primitive. Replacing a by α and u by v = u · b 2 ∈ D q (R).
